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Abstract The review of recent developments in the unconventional superconductivity the- 
ory is given. In the fist part I consider the physical origin of the Kerr rotation polarization 
of light reflected from the surface of superconducting Sr2Ru04. Then the comparison of 
magneto-optical responses in superconductors with orbital and spin spontaneous magneti- 
zation is presented. The latter result is applied to the estimation of the magneto-optical prop- 
erties of neutral superfluids with spontaneous magnetization. The second part is devoted to 
the natural optical activity or gyrotropy properties of noncentrosymmetric metals in their 
normal and superconducting states. The temperature behavior of the gyrotropy coefficient is 
compared with the temperature behavior of paramagnetic susceptibility determining the no- 
ticeable increase of the paramagnetic limiting field in noncentrosymmetric superconductors. 
In the last chapter I describe the order parameter and the symmetry of superconducting state 
in the itinerant ferromagnet with orthorhombic symmetry. Finally the Josephson coupling 
between two adjacent ferromagnet superconducting domains is discussed. 
PACS numbers: 74.20.-z,74.25.Nf,74.25.Dw 



1 Introduction 

The specific phase coherence in a macroscopic ensemble of fermions, which gives rise to 
non-dissipative currents in superconductors, sometimes accompanied by spacial and mag- 
netic ordering arising after transition to the superconducting state. This type of superconduc- 
tivity characterized by additional symmetry breakings is called unconventional supercon- 
ductivity. The development of theory of unconventional superconductivity has been stimu- 
lated by the experimental discoveries of superconductivity in heavy-fermion materials and 
high-temperature superconductivity in layered cuprate compounds followed several years 
later by the discovery of superconductivity in the perovskite oxide Sr2Ru04 with similar 
to cuprates structure 1 . Soon after, the idea of the time-reversal symmetry breaking form of 
the order parameter (f] x ,r\y) oc in this material has been put forward in the paper.— 
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Although there are some serious unresolved problems related with two component super- 
conductivity in Sr2RuC>4 (see for instance the paper 3 and references therein), the idea of 
superconducting state with spontaneous magnetization is supported by several experimental 
observations. The most important of them are the increase of fiSR zero-field relaxation rate 4 
and the Kerr rotation of reflected light from the surface of S^RuCU in the superconducting 
state. 5 . The latter observation has stimulated intensive theoretical activity with poorly con- 
sistent results. In the first part of this paper, after reviewing different theoretical approaches 
to this problem, we consider the magneto-optical phenomena in superconductors with spon- 
taneous magnetization of orbital and spin origin. 

Another source of considerable interest appeared recently after the discovery of su- 
perconductivity in noncentrosymmetric compounds CePt3Si 6 , Ulr 7 , CeRhSi3 8 , CeIrSi3 9 , 
Y2C3 10 , Li2(Pdi_ x ,Pt v )3B — , KOS2O6 12 and others. The spin-orbit coupling of electrons in 
noncentrosymmetric crystal lifts the spin degeneracy of the electron energy band causing a 
band splitting. The band splitting reveals itself in the large residual value of the spin sus- 
ceptibility of noncentrosymmetric superconductors at zero temperature. This leads to the 
noticeable increase of paramagnetic limiting field. Another significant manifestation of the 
band splitting is the natural optical activity or natural gyrotropy including such phenomena 
as double circular refraction, the Faradey and the Kerr effects. In the second part of this 
paper I consider the natural gyrotropy of noncentrosymmetric metals. The derivation of the 
temperature dependence of gyrotropy coefficient in superconducting state will be given in 
comparison with simple and straightforward calculation of the Pauli susceptibility. 

Third important direction in the physics of unconventional superconductivity is related 
to the co-existence of superconductivity and itinerant ferromagnetism in several uranium 
compounds UGe2, 13 URhGe, 14 and UCoGe. 15 . It is found to arise as a co-operative phe- 
nomena rather than as the overlap of two-mutually competing orders. In the third part of the 
present article I discuss the symmetry, the order parameters and the interdomain Josephson 
coupling in the orthorhombic ferromagnet superconductor with triplet pairing. 



2 Magneto-optical properties of superconductors with spontaneous time-reversal 
breaking 

2. 1 Current response of the orbital origin 

The magneto-optical phenomena in a material are described in terms of Hall conductivity, 
that is complex off-diagonal component of the conductivity tensor a xy = o' KY + In par- 
ticular, if linearly polarized light normally (along the z-direction) incident from vacuum to 
the boundary of a medium with complex index of refraction N = n + iK, it is reflected as 
elliptically polarized with the major axis rotated relative to the incident polarization by an 
amount— 

4no[! y 

&= (On(n 2 -\)' (1) 

This phenomenon is known as the Kerr effect. The equation for the Kerr angle is written 
here in the assumption K « n. 

Magnetic superconducting states are formed by means of Cooper pairing of electrons 
in the state with nonzero orbital or spin angular momentum 17 . The simple example of the 
superconducting state with spontaneous angular momentum is so called A-phase with the 
order parameter 

z\(k,r)=4-(r)&i, A i {r)=A{x i + iy i ), (2) 
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proposed for the Sr2Ru04 superconducting state. 2 Each Cooper pair in this state possess 
angular momentum hi directed along the c axis of the tetragonal crystal. In the experiments 5 - 
there was studied the Kerr rotation of the reflected linearly polarized light incident normally 
on the specular surface of superconducting S^RuCU oriented parallel to the ab crystalline 
plane. 

The calculation of the current done in the first papers devoted to electromagnetic prop- 
erties of superconducting A-phase 18,19 - 20 in the corresponding geometry did not reveal a 
magneto-optical response originating from single particle excitations. The magneto-optical 
response was shown to arise from the order parameter collective mode coupled with elec- 
tromagnetic field in presence of particle-hole asymmetry of energy excitation in the metallic 
state. 21 The magnitude of the circular dichroism was found roug hly 10" 7 - 1(T 8 rad at 
frequencies of the order the gap and decreases at least as fast as (2A / a) 2 at higher frequen- 
cies. This is too small in comparison with observed value 5 of the Kerr rotation in Sr2Ru04 
performed at frequencies about four orders of magnitude larger than the gap value. Never- 
theless the collective modes mechanism deserves more concrete investigation in application 
to S12RUO4 taking into account its quasi-two dimensional multi band structure. 

The numerous theoretical studies of the Kerr effect in Sr2Ru04 were performed since 
then the experimental observations. 5 , have been reported. First, there were found the fi- 
nite Kerr angle s 22 ' 23 of reasonable magnitude. Then the authors of more elaborate treat- 
ments 24 25 came to the conclusion corresponding to the results of the earlier paper s 18 ' 19 ' 20 , 
namely, that a clean chiral p-wave superconductor in the spatially homogeneous in (a, b) 
plane e-m field has the vanishing Hall conductivity and Kerr angle. As result, the finite Kerr 
angle observed in superconducting SrRu2C>4 has been associated 24 ' 25 with the finite size of 
the light spot in the experiments 5 . 

The specific magneto-optical current response to the e-m field has been found in the pa- 
pers. 26,27 It originates from the pairing term in the Gor'kov equations for an unconventional 
superconductor found in the paper— 

A (k-iV--A(r),r)F t (k,r). (3) 

Here r is the coordinate of the Cooper pair centre of gravity, k is the relative momentum of 
two electrons in the pair. These two treatment s 26 ' 27 apparently return us back to the finite 
Kerr angle found in the earlier papers. 22 ' 23 In fact, the pairing term is independent of the 
vector-potential. 29 ' 30 For the A-phase state in the coordinate representation it is 

- ikp 1 [V,A'(r) +4( i (r)V / ]F t (r,r'). (4 ) 

Corresponding expression for any unconventional superconducting state with k-dependent 
order parameter can be derived making use its form in k representation 

£4(k,q)Ft(k-q,k') (5) 
q 

established in 17 . Hence, the results of the papers 26 ' 27 are incorrect. 

The absence of the Hall conductivity in a superconductor with time reversal breaking 
of the orbital origin follows from the general arguments formulated by Read and Green.— 
There was pointed out that the conductivity defined as the current response to an electric 
field, taking the wave vector to zero before the frequency, always has the diagonal form. 
This result is independent of interaction whether it produces pairing or not. It can be treated 
as the contribution of the center of mass of Cooper pair accelerated by the applied uniform 
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electric field, while the relative motion of the particles is unaffected, as a consequence of 
Galilean invariance. Hence, the magneto-optical response in chiral superconductors state 
can exist only in nonuniform conditions. In between the treatments mentioned above there 
are those where the different types of inhomogeneity are essential. 

It is the case the Hall conductivity arising due to the order parameter "flapping" mode 
excitation considered by Yip and Sauls 21 . The flapping oscillations of the order parameter 
correspond to an effective inclination of the Cooper pair angular momentum from the direc- 
tion perpendicular to the superconductor surface. This can be understood as if one edge of 
each pair proves to be closer to the metal surface than the other one. The e-m field attenuates 
in the bulk of metal due to the skin effect. As result the relative motion of the particles in 
Cooper pair is affected that yields the Hall response. 

Another example of the magneto-optical response related with space inhomogeneity was 
found in the authors paper 23 where it is given by the the second term in the Eqn.(23) and 
corresponds to the spontaneous magnetic field H s due to the textures of the order parame- 
ter arising near the boundaries of domains with up and down directions of the Cooper pairs 
orbital moment. The phenomenological approach making used in 23 can be improved by cal- 
culations based on the microscopic theory taking into account the order parameter, current 
and field distributions. 

Also, as we already mentioned above, the Kerr effect can be realized due to the finite 
size of the light spot. 24 i 25 

Finally, there is a possibility of the impurity induced Galilean invariance breaking. The 
polar Kerr effect related with this mechanism has been considered in the recent papers by 
Goryo 32 and by Lutchyn et al 33 . 

Which of these mechanisms gives the most important contribution to the observed Kerr 
rotation in the superconducting Sr2Ru04 ? Or, may be we should search an another explana- 
tion of experimental observation reported in the paper 5 ? These are at the moment the open 
questions. 



2.2 Current response of the spin origin 

There are also the superconducting states where the Cooper pairs have nonzero spin ex- 
pectation value. They are called nonunitary states and characterirized by complex order 
parameters di (k) and d2(k) of spin up S z = 1 and spin down S z = — I states 



Here x, y are the unit vectors of the spin coordinate system. The density of magnetic moment 
determined by the difference in densities of spin-up and spin-down electrons 



It can be quite large if we deal with superconducting state arising from the normal ferro- 
magnet state. This situation will be discussed in the last Chapter. Here, we assume that the 
magnetization spontaneously arises at the transtion from the normal paramagnet to the su- 
perconducting state as it is in the superfluid Ai phase of 3 He where only the pairing between 
spin-up 3 He atoms occurs. Then the density of magnetic moment differs from zero due to 
the assymmetry in the particle-hole distribution near the Fermi surface-ii 



di (k) = A 1 (k) (i + if) , d 2 (k) = A l (k) (x - iy) . 



(6) 



M s = /Xb(w T -n l )l 



(7) 



(8) 
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Here, Nq is the derivative of electron density of states at the Fermi level. 

We shall discuss the light incident normally to the surface of superconductor with spin 
magnetic moment oriented perpendicular to the surface. To find the Hall response due 
to the spontaneous spin magnetism in nonunitary superconducting state we need to con- 
sider the current excited by electro-magnetic field in the chargeless superfluid. In neglect 
spin-orbital coupling the spontaneous magnetic moment M s performs the free precessional 
motion around the alternating transverse to its direction magnetic field 5H(r,f). Then for 
the corresponding Fourier components we obtain icoSM = y(5H x M s ), 5H = V x A = 
(— ic/ffl)(V x E). The density of current is given by j = c(V x 8M). Hence, when the elec- 
tric field E = E{z)y, where z is the direction perpendicular to the supercondactor surface, we 
obtain 

■ _7MsC 2 d%, 

h ~ co 2 dz 2 ■ W 
So, the spin part of the Hall conductivity is 

yM s c 2 

a t> ,« w , (10) 

where 8 is the skin penetration depth. Hence, as it is in the superconducting states with an 
orbital time-reversal breaking, the magneto-optical response in nonunitary superconducting 
state arises only in the nonuniform e-m field. Substituting the spontaneous moment density 
we come to the estimation 

According to the equation (1) this result corresponds to quite tiny Kerr rotation. 



2.3 Magneto-optics in superfluid phases of 3 He 

The results obtained in the previous subsection can be applied to the real neutral superfluids, 
that is to the superfluid A and A[ phases of 3 He. Here we deal with transparent media, so 
we can put co = cq/n. Hence, 

= -yn 2 M s . (12) 

The Faraday polarization rotation of linearly polarized light propagating on the length I 
along the M s || z direction is given by— 

9 F = - 2 -^l= 2 -^l. (13) 
nc c 

This formula is valid atn >> k. The Helium-3 gyromagnetic ratio is y= 2 x 10 4 (Gauss s) _1 . 
The density of spontaneous magnetization in 3 He — Ai is given by eqn. ©. The rough esti- 
mation of corresponding product yM s is 

yMf 1 «2x 10" 2 (l-r/r c ) s" 1 . (14) 

Thus, to reach the measurable values of the Faraday rotation due to the 3 He — Ai sponta- 
neous magnetization the light should run enormously long distance. 

In the superfluid 3 He — A the situation is even worst. This state is an orbital ferromagnet 
where the product yM s is three orders of magnitude smaller 34 ' 35 than it is in the 3 He - Ai 

yM^«2xlO" 5 (l-r/r c )s- 1 . (15) 
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At the same time the product yM p corresponding to usual paramagnetic magnetization 
M p — xHq in the field Hq ~ 1 Tesla is about 10 s~ 1 . Hence, the measurement of the rotation 
of light polarization in liquid 3 He under magnetic field is in frame of the experimental pos- 
sibilities of Stanford group 5 measured the polarization rotation with accuracy of the order 
of 10~ 8 rad. 



3 Noncentrosymmetric metals: susceptibility and natural optical activity 

Like the time reversal symmetry violation the space parity breaking also leads to the op- 
tical activity of medium known as natural optical activity or natural gyrotropy. 36 Here we 
demonstrate this property on particular simple example of noncentrosymmetric metal with 
cubic symmetry in its normal and superconducting state. To introduce the basic qualities of 
metals without inversion centre we begin with consideration of the Pauli susceptibility in 
such type of materials. 



3.1 Paramagnetic susceptibility 

The spin susceptibility in noncentrosymmetric metals in normal and superconducting states 
has been found by K. Samokhin . 37 Here, we propose another derivation of it free of using 
the field theoretical methods. Due to the spin-orbital coupling specific for the noncentrosym- 
metric crystal structure the single electron energy is the matrix 

^aj3(k) = (e(k)-M)5 a/J + 7(k)CTa/s, (16) 

in the spin space (see for instance 38 ). Here a,jS =T,I are spin indices and a are the Pauli 
matrices. The pseudovector crystal field y(k) satisfies y(— k) = — y(k) and gy(g _1 k) = y(k), 
where g is any symmetry operation of the point group ( S of the crystal. The eigenvalues of 
matrix l !16t 

^(k) = e(k)- M +A|y(k)|, k=± (17) 

are the dispersion laws of electron spectrum splitted in two bands by the spin-orbital inter- 
action. The corresponding Fermi surfaces are determined by the equations ^ (k) = 0. The 
difference of the band energies 2|y(kp ) characterizes the intensity of the spin-orbital cou- 
pling. The Fermi momentum taken at y = is determined by the equation e(k^ ) = £f . The 
electron quantum state in each band characterizes by the spinor (eigen vector of the matrix 
(EUl) 

f± = ; 1 ( J x t 7 iJy ) ■ (18) 

The spin quantization axis is given by the unit vector y= y/|y|. The projections of the 
electron spins in two bands on the y direction have the opposite orientation 

(y(k)CT)f ± (k) = ±f ± (k). (19) 

In an external magnetic field the matrix of electron energy is 



€a/?(k) = (e(k)-M)5a /i + y(k)a« / 5-hcJ„ / 3. 



(20) 
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The field here is written as h = /XbH. The band energies are now given by 

& )h (k) = c(k)-M+A|r(k)-h|, A=±. (21) 

Along with the changes of the band energies, the spin quantization axis is also deviated from 
its zero field direction 

^ - Uk) =wrt\- (22) 

The magnetic moment is written as 

M = M B Ey h (k) [/(£+,h(k)) -/(^, h (k))], (23) 

k 

where f(x) is the Fermi distribution function. Taking the term of the first order in magnetic 
field we obtain for the magnetic susceptibility 



(9e (9e 



+ (^,-y,y / ) /( ^ +) |y| /( ^ / r (24i 



The first term under the sign of summation contains the derivatives of the jumps in the 
Fermi distributions df(^±)/de = — 8(%±). The second one originates from the deviation 
in the spin quantization direction for the quasiparticles filling the states between the Fermi 
surfaces of two bands. The explicit form of the spin susceptibility tensor depends on vector 
y(k) determined by the crystal symmetry. In the simplest case of cubic symmetry one can 
take y(k) = yk. 

Then performing summation over k for the spherical Fermi surfaces we obtain 

Xij = M (n q+ +No _-2 *t^) 8 U . (25) 

Here Nq± are the density of states at the smaller (+) and the larger (— ) Fermi sufaces. 
N± is the number of particles in the corresponding band. In the limit of small spin-orbital 
coupling ykp << Ef but still at yk.F >> [IbH we come to the usual expression for the Pauli 
susceptibility 

Xij = 2^N Sij, (26) 

where N = (N 0+ +N Q -)/2. 

One can easily obtain the corresponding formula for the superconducting state, where 



the energies of quasiparticles acquire gaps |± — > E± = J %± + A± . In the simplest model 
with BCS pairing interaction Vj(k,k') = — V g , the gap functions are the same in both bands: 
4 + (k) = 4_(k) = A, the triplet component of the order parameter vanishes identically and 
we deal with the pure singlet pairing^ state. The derivatives of the Fermi distributions in 
the equation d24t yield after the integration over k the Yosida function 



cosh 2 (J^+4 2 /2r) 



4T 



On the other hand, the energy distribution of quasiparticles far from the Fermi surfaces 
practically coincides with its normal state distribution. Hence, so long the band splitting 
is much larger than the gap ykf >> A, the second term in the equation d24b written for 
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the superconducting state still keeps its normal state value. Hence, one can write for the 
superconducting state susceptibility 

X U = ^ 2 B N (2 + Y(T))S ij . (27) 

Thus, the band splitting reveals itself in the large residual value of the spin susceptibility 
of noncentrosymmetric superconductors at zero temperature. As result, the paramagnetic 
limiting field 

is y/3 times larger than it is in the ordinary superconductors. 

Our derivation was performed for the superconducting state with pure singlet pairing. 
This case, the weakening of the paramagnetic suppression of superconductivity is connected 
with specific for the non-centrosymmetric metals band splitting. The simultaneous presence 
of the singlet and the triplet channels in the pairing interaction leads to the formation a 
superconducting state with mixed singlet-triplet pairing. Then, the paramagnetic limiting 
field acquires the additional increase in comparison with pure singlet pairing state. 



3.2 Natural optical activity 

In noncentrosymmetric materials the tensor of dielectric permeability has linear terms in the 
expansion in powers of wave vector 

£, 7 (co, q) = e u (co, 0) + ijijiqi , (29) 

where %y is an antisymmetric third rank tensor called the tensor of gyrotropy. The descrip- 
tion of the natural optical activity in terms of linear spacial dispersion of permeability— is 
appropriate for solid or liquid dielectric media. Whereas in the case of metals, it is more 
natural to formulate them in terms of spacial dispersion of conductivity tensor: 

Oij ( to , q) = ay (a , 0) - iXm q h (30) 

The gyrotropic tensor has the most simple structure in the metals with cubic symmetry. In 
this case, the usual part of the conductivity tensor is isotropic CT,j(a),0) = (j(co)8jj and the 
gyrotropic conductivity tensor A,*; = Ae,*/ is determined by the single complex coefficient 
A = A' + iX" such that a normal state density of current is 

j = aE + ArotE. (31) 

The gyrotropy part of the current response to the electric field found ini2is 

^ 9 2v*« f d ' k % /(5+( k +))-/(5-( k -)) P /„ nl nTi 

Here /(£±(k±)) is the Fermi distribution function and k± = k±q/2. Expanding this expres- 
sion up to the first order in the components of the wave vector q and performing integration 
over momentum space in the limit hco <S ykp <C Ep, we obtain 
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This corresponds to 

e 2 a) 

(34) 



\2n 2 y k F ' 

To find the Kerr rotation we shall use here the more general formula 16 

(l-n 2 + K 2 )AK + 2nKAn 
(l-n 2 + K 2 ) 2 + (2nK) 2 ' { ' 

than that used (see eqn. (0) in the previous Section. Here An = n + — n_ and A K = fc+ — fc_ 
are the differences in the real and imaginary parts of the refraction indices of circularly 
polarized lights with the opposite polarization. For the current given by eqn. Bil l they are 
An = and Ak = We see that Ak = and An expresses through the ratio of the 
light frequency to the band splitting 2ykf as 

a ho 

Here, a = e 2 /he is the fine structure constant. When the frequency of light is larger than the 
quasiparticles scattering rate (clean limit): 1 << cot < (0 p T, where co p = \J Anne 2 jm* is the 
plasma frequency, for the Kerr angle we obtain- 
on ha 2 

; t-- (37) 

To find the gyrotropy coefficient in the superconducting state we shall follow the same 
procedure as was used for the spin susceptibility. Expanding the integrand in eqn. 021 1 in 
powers of one can note that the gyrotropic current consists of two different contribu- 
tions. One part of it is determined by the difference of the Fermi distribution function for 
the quasiparticles in two bands, another one originates from the derivatives of these func- 
tions. The first contribution is not changed in the superconducting state, at A « ykf. The 
second contribution is gradually suppressed with temperature decreasing due the gap in the 
superconductor quasiparticle spectrum. As result the temperature dependence of gyrotropy 
coefficient in the superconducting state is 

e 2 co ( 1 \ 

l--Y(T) , (38) 



%n 2 Yok F \ 3 

where Y (T) is the Yosida function. 



4 Ferromagnetic superconductors with triplet pairing 

The recently revealed superconductivity in several uranium compounds UGe2,— URhGe, 
— and UCoGe. 15 is found to arise as a co-operative phenomena rather than as the overlap 
of two-mutually competing orders. In the first two compounds the Curie temperatures Tcune 
is more than the order of magnitude higher than their critical temperatures for superconduc- 
tivity. In UCoGe the ratio Tc ur i e /T sc at ambient pressure is about four. The large exchange 
field and also high upper critical field at low temperatures strongly exceeding the paramag- 
netic limiting field 41 i 42 - 43 indicate that here we deal with Cooper pairing in the triplet state. 
The triplet superconductivity in UGe2 and URhGe coexists with itinerant ferromagnetism 
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such that in the pressure-temperature phase diagram the whole region occupied by the su- 
perconducting state is situated inside a more vast ferromagnetic region. In the same family 
metal UCoGe the pressure dependent critical lines Tcwie{P) an d T SC (P) of the ferromagnet 
and the superconducting phase transitions intersect each other. The two-band multidomain 
superconducting ferromagnet state arises at temperatures below both of these lines. 

The symmetries and the order parameters of unconventional superconducting states aris- 
ing from the normal state with a ferromagnetic order in orthorhombic crystals with strong 
spin-orbital coupling have been found in the paper. 44 Then it was pointed out that supercon- 
ducting states in triplet ferromagnet superconductors represents a special type of two band 
superconducting states. 45 ' 46 . Finally the proper Ginzburg-Landau treatment of the symmetry 
and the order parameters of the paramagnet as well of the multidomain ferromagnet super- 
conducting states was given 47 .. It was shown that the interband Josephson coupling fixes the 
phase difference between the superconducting order parameters in two band itinerant ferro- 
magnet. Here we reconsider this phenomenon and compare it with the Josephson coupling 
between two adjacent ferromagnet superconducting domains. 



4. 1 Interband Josephson coupling 

All uranium ferromagnetic superconductors are orthorhombic metals. The magnetic moment 
in its ferromagnet state is directed along one crystallographic axis. We chose this direction 
as the z axis. As it was remarked in 45 superconducting state in an itinerant ferromagnet 
represents the special type of two band superconducting state consisting of pairing states 
formed by spin-up electrons from one band and by spin-down electrons from another band. 
Hence, a superconducting state characterizes by two component order parameter 

d 1 (k)=A r (k)(x+iy), d 2 (k)=4 i (k)(.«-/y). (39) 

Here, x and y are the unit vectors of the spin coordinate system pinned to the crystal axes. 

The unconventional superconducting states arising from the normal state with a ferro- 
magnetic order in orthorhombic crystals with strong spin-orbital coupling belong to the two 
different corepresentations A and 5. 44 All the states relating to the given corepresentation 
obey the same critical temperature. The order parameter amplitudes for A and B states cor- 
respondingly are given by 

Af(k) = rii(k x ui+ik y U2), 

Af (k) = r/ 2 (k x u 3 + ikyUi ) , (40) 
Af (k) = r\\{k z vi +ik x k y k z v 2 ), 

Af (k) = T} 2 (k z v 3 + ik x k y k z v 4 ) . (41) 

They are odd functions of the momentum directions of pairing particles on the Fermi sur- 
face. The functions m,- = Uj{k^,ky,k z ) and v, = Vi(k^,ky,k z ) are invariant in respect of all 
transformations of orthorhombic group. We shall discuss only the A state. This state is re- 
lated to the family of nonunitary axiplanar states. 

The complex order parameter amplitudes r\\ = \r\\\e" 1 ' 1 and r/2 = |r/2|e ,ip2 are not com- 
pletely independent. The relative phase difference q>\ — (pi is chosen such that the quadratic 
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in the order parameter part of the Ginzburg-Landau free energy density should be mini- 
mal. In the case of ferromagnetic normal state the time reversal symmetry is broken and the 
quadratic in the order parameter components free energy density has the form 

F = «i|tji I 2 + a 2 |r]2| 2 + r(r]rT]2 + r]iT] 2 *)+;5(r] 1 *r]2-T]ir] 2 *). (42) 

Here, all the coefficients are the functions of the exchange field h. The last term breaks 
the time reversal symmetry. In the absence of exchange field 5 = 0. Minimization of free 
energy d42b fixes the order parameter components phase difference tan((pi — 92) = 8/y, 
After substitution of this value back to d42b we come to the expression 



F = a 1 |77 1 | 2 + a 2 |T?2| 2 + A/7 2 + 5 2 (77 1 *77 2 + 77 1 T] 2 *). (43) 

Here a, = a^{T — T ci ), i = 1,2 are the band indices, T ci are the critical temperatures in each 
band in the absence of band mixing. Unlike eqn. d42b the complex amplitudes 77 1 = \ rji |e i(p , 
T72 = |t]2|«" p in the eqn. d43b have common phase factors with 9 = (91 + 92) /2. The fixation 
of the phase difference between the band order parameters in a superconducting itinerant 
ferromagnet is caused by the interband Josephson coupling. 

The free energy 043 l l valid near the phase transition from the ferromagnet state to the 
ferromagnet superconducting state has been used in the papers. 45 46 The common for the 
each band superconductivity critical temperature is given by 



T„ = ^J(^Y + £±£ (44) 

2 y V 2 / «10«20 

The order parameter components di (k), d2(k) for the state A are invariant in respect to 
the following group of transformations 

Gfs = {E,C\,RC X 2 ,RCD = D 2 (C~), (45) 

where C 2 ,C 2 ,C^ are the operations of rotation on the angle % about the x,y,z- axes corre- 
spondingly. The rotations on the angle n about the x- and y- directions are accompanied by 
the time inversion R. The group of symmetry of superconducting ferromagnet state is called 
also by its superconducting magnetic class. This group is the subgroup of the group of sym- 
metry of the ferromagnet state Gf = D2(C|) xU(l), called by magnetic class^ or the point 
symmetry group of the ferromagnet. Here {/(l) is the group of gauge transformations. In the 
superconducting state the gauge symmetry is broken. Along with the complex conjugation 
the action of the time reversal operation R on superconducting order parameter implies also 
the multiplication of it by the square of its phase factor: R — > e llif R. 

Besides the state A, there is its time reversed state A* characterized by the complex 
conjugate order parameter components 

d I ( k ) = &(■*- iy) - ik y u 2 ) , 

d* 2 (k) = &(x + iy)(k x m - ik y u 4 ). (46) 

The states A and A* occupy neighboring domains with the opposite direction of magnetiza- 
tion. The state A* order parameter amplitudes are £1 = |£i \ e"^' and £2 = l&k'^ 2 - The phase 
difference is fixed by tan(0i — <p 2 ) = 8(—h)/y. The superconducting states in the neighbor- 
ing domains obey the same critical temperature. The symmetry of the time reversed states 
A* belongs to the same superconducting ferromagnet class D 2 (C 2 ) as the A-states. 
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4.2 Interdomain Josephson coupling 



Let us consider a flat domain wall dividing magnetic moment up and down domains in 
two band ferromagnet. This case, the localized at x = domain wall contribution to the 
superconducting free energy density is given by 

F DW = [oi (|tji | 2 + 1 Ci I 2 ) + ri ford + m?i ) + ^i (»?* d - mCi*) 

+ «2 ( 1 172 1 2 + IC2 1 2 ) + 72 (Tfc* & + T}2 C 2 * ) + iSl ( TJ2 & " T?2 C 2 * ) 

+ TiinKi + mQ + ni^+ni^D+iSiinKi - m& + nICi - ^Cf)] *(*)■ (47) 

Here i?i,2 = 1^1,2 |e II?> and C,\2 = Ci,2|e"^ are the two bands superconducting order param- 
eters in the left (magnetic moment-up) domain and in the right (magnetic moment-down) 
domain, correspondingly. In view of left-right symmetry the modulus of the order param- 
eters in the adjacent domains are equal \r\\ \ = and 772 = £2 1- The densities of the 
gradient energy in the left and right domains are 



0>J?1 

dx 


2 

+ K 2 


dr\i 

dx 


2 


(48) 


<?Ci 

dx 


2 

+ K 2 


d& 
dx 


2 


(49) 



Fgrad(x>0)=K 1 



Here, the rigidity coefficients K ~ h 2 /m. The boundary conditions at x = are derived by 
the minimization of the sum of domain wall and the gradient free energies 



- *i ^ = ai 1? 1 + (71 + iSi ) Ci + (73 + iSs ) C2 , 

K l -^- = CCi£i + (71 - l5i)7]i + (73 - i%)7] 2 , 

Ki^r- = a2i?2 + (72-^)C 2 + (73-^)i?i- 



(50) 

(51) 
(52) 
(53) 



These boundary conditions should be substituted in the expression for the superconducting 
current through the domain wall 



lilic 



dx 



+ (l?l^Cl)+^2 1?2* 



,<3t?2 <?r/ 



172 ■ 



dx 



+ (l?2 -> C2) 



(54) 



Then, after taking into account the equivalence of the pairing amplitudes T]i | = £1 and|r/2 
£2 1 , we obtain 



Stzc 



{ [7i |t?i I 2 + n\m\ 2 + 73 |TJi I |tj 2 |] sin(0 - 9) 

+ [5 1 |T ]l | 2 + 52|T]2| 2 + 5 5 |T]i||T]2|]cos^-(p)} 



(55) 



Thus, along with the intradomain interband Josephson coupling in the superconducting itin- 
erant ferromagnets there is interdomain Josephson coupling responsible for the fixation of 
the superconducting phase difference in the neighboring domains. 
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The existence of the interdomain Josephson coupling bilinear in respect of modulus of 
two band order parameters |rji| and T/2I is typical for the A superconducting states. The 
order paramer for the B states is vanishing in the equatorial plane k, = 0. This case, there 
is only the higher order Josephson coupling between the domains divided by a flat domain 
wall parallel to the magnetization direction. 



5 Conclusion 



In the present article we studied the unconventional superconducting states characterized by 
the time reversal breaking or by the absence of the space inversion centrum. These supecon- 
ductors possess the difference in the optical properties of clockwise and counterclockwise 
polarized lights propagating through or reflecting from such a medium. We have discussed 
the optical activity of the superconductors with spontaneous time reversal breaking as well 
the natural optical activity that is the property of the superconductors with broken space 
parity. The latters present a specific example of multi-band superconducting state. Another 
particular type of multi-band superconductivity with triplet pairing also studied here is the 
superconductivity in the itinerant ferromagnets, where existence of the intradomain as well 
of the interdomain Josephson coupling has been established. 
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